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Abstract. Let H be a Hopf algebra of dimension pq over an algebraically 
closed field of characteristic zero, where p, q are odd primes with p < q < 
4p + If. We prove that H is semisimple and thus isomorphic to a group 
algebra, or the dual of a group algebra. 



Introduction 

In recent years, there has been some progress on the classification of finite- 
dimensional Hopf algebras of dimension pq over an algebraically closed field k of 
characteristic 0, where p, q are prime numbers. The case for p = q has been settled 
completely in [Nl], [N3] and [Ma]. They are group algebras and Taft algebras of 
dimension p 2 (cf. [T] ) . However, the classification for the case p ^ q remains open 
in general. 

In the works [EG1] and [GW], the semisimple case of the problem has been 
solved; namely, any semisimple Hopf algebra of dimension pq is isomorphic to a 
group algebra or the dual of a group algebra. It is natural to ask whether Hopf 
algebras of dimension pq, where p < q are prime numbers, are always semisim- 
ple. The question has been answered affirmatively in some specific low dimensions. 
Williams settled the dimensions 6 and 10 in [W], Andruskiewitsch and Natale did 
dimensions 15, 21, and 35 [AN], and Beattie and Dascalescu did dimensions 14, 55, 
65, and 77 [BD]. 

More recently, the author has proved that if p, q are twin primes, or p = 2, 
then Hopf algebras of dimension pq arc semisimple (cf. [N2] and [N4]). Meanwhile, 
Etingof and Gelaki proved the same result for 2 < p < q < 2p + 1 by considering 
the indecomposable projective modules over these Hopf algebras (cf. [EG2]). 

In this paper, we will study the indecomposable modules over these Hopf alge- 
bras. We prove that if p, q are odd primes and p < q < Ap + 11, then every Hopf 
algebra of dimension pq over k is semisimple (Theorem 4.1). The result covers all 
odd dimensions listed above. 

The organization of the paper is as follows: we begin with some notations and 
preliminary results for modules over a finite-dimensional Hopf algebra in Section 1. 
In Section 2, we obtain a lower bound for the dimensions of certain indecomposable 
modules over a non-semisimple Hopf algebra H of dimension pq. In Section 3, we 
further assume H is not unimodular, and consider the action of the group G(H* ) of 
all group- like elements of H* on the set Irr(TJ) of isomorphism classes of simple H- 
modules. We obtain some lower bounds for the number of G(H* )-orbits in Iti(H). 
We finally prove our main result in Section 4. 
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Throughout this paper, the base field Ik is always assumed to be algebraically 
closed of characteristic zero and the tensor product ® means (g>k, unless otherwise 
stated. The notation introduced in Section 1 will continue to be used in the remain- 
ing sections. The readers are referred to [Mo] and [S] for elementary properties of 
Hopf algebras. 

1. NOTATIONS AND PRELIMINARIES 

Let H be a finite-dimensional Hopf algebra over k with antipode S, counit e. 
There are natural actions — and of H* on H given by 

/ a = 01/(02), and a f = f(a 1 )a 2 

where A(o) = 01 (8> 02 is Sweedler's notation with the summation suppressed. For 
/ G H* , we define the Ik-linear endomorphism L(f) and R(f) on H by 

L(/)(o) = /-o, and R(f)(a) = a - /. 

A non-zero element a of H is said to be group-like if A(a) = a <g> a, and we 
denote by G(H) the set of all group- like elements of H. For (3 € G(H*), (3 is an 
algebra epimorphism from H onto k. The associated maps L((3), R{[3) are algebra 
automorphisms of H, and they commute with S 2 . Moreover, each (3 G G(H*) is 
a degree 1 irreducible character of H . We will denote by k^ the 1-dimcnsional 
ii-module which affords the character (3. In particular, k e is the trivial iJ-module 
k. 

Let A be a non-zero left integral of H. The distinguished group-like element 
a of H* is defined by Aa = a(a)A for a £ H. Similarly, if A € H* is a non- 
zero right integral of H* , the distinguished group-like clement g of H is defined by 
/ * A = f(g)X for all / e H* . In this convention, the celebrated Radford formula 
[Rl] is given by 

(1.1) S 4 {h) = g{a -± h a-^g- 1 for heH. 

The non-zero right integral A defines a non-degenerate associative bilinear form on 
H, and so H is a Frobenius algebra. By [R2], 

(1.2) A(o6) = \(6(b)a) ior a,b e H , 

where 6(b) = S 2 {b <- a). Therefore, is the associated Nakayama automorphism. 

Recall that the left dual V v of an 7J-module V is the left if-module with the 
underlying space V* = Hom^F, k) and the H"-action given by 

(hf)(x) = f(S(h)x) for xeV, feV*. 

Similarly, the right dual V V of V is the left H- module V* with the same underlying 
space V* and the if-action given by 

(hf)(x) = f(S-\h)x) for xeV, feV*. 

Given an algebra automorphism a on H , one can twist the action of an ii- module 
V by (7 to obtain another if-module a V . More precisely, a V is an iJ-module on V 
with the action given by 

h - a v = a(h)v for h G H, v G V. 

cr(— ) defines a k-lincar equivalence on the category _ff-modfj n of finite-dimensional 
left ii-modulc. In particular, if a is an inner automorphism of H, then (7 (— ) is 
k-linearly equivalent to the identity functor. 
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Using the above notation, one can easily see that p : kp (g> V yv — > s 2 oij(/3)^ 
defined by 

(1.3) p(l<g>u)=i; 

is a natural isomorphism of P-modules for V G P-modfj n and /? e G(H*), where 
- g y*» denotes the natural image of the element v £ V. In particular, we have 
the P-module isomorphisms 

V vv S s2 y, and k Q ® y vv S . 

Similarly, one also have the P-module isomorphisms 

vy V = s -2V and k Q -i (g> vx, V * e -iV . 

By Radford's antipode formula (1.1), we also have 

(1.4) k a ® F vvvv O k a -i s k Q O s4 y ® k Q -i s V . 

It follows from a property of Frobenius algebras that an P-module is projective 
if, and only if, it is injective. Each indecomposable projective P-modulc P is 
isomorphic to He for some primitive idempotent e e H. Moreover, the socle Soc(P) 
and the head Head(P) = P/JP of P arc simple (cf. [CR, IX]). Let us denote the 
projective cover and the injective envelope of an P-module V by P(V) and E(V) 
respectively. If V is a simple P-module, then V — Soc(P(V)) is also simple, and 
so P(V) = E(V). The assignment of simple P-modulc V ^ Soc(P(V)) defines a 
permutation on a complete set of non-isomorphic simple P-modules, and its inverse 
tt is called the Nakayama permutation (cf. [La, §16A]), i.e. P(ir(V)) = E(V). By 
[La, §16C], if P(V) = He for some primitive idempotent e e H, we have 

(1.5) P{t:{V))^ HQ-^e) 

and so V = Soc(H6~ 1 (e)). This allows us to rewrite the Nakayama permutation 
as in the following lemma. 

Lemma 1.1. Let H be a finite- dimensional Hopf algebra over k with distinguished 
group-like element a e H* , and V a simple H-module. Then ~k(V) = gV and hence 

(1.6) k Q -i <8> VX V = Soc(P(V)) and V = Soc(P(k Q ® V vv )) . 

Moreover, V is projective if, and only if, dimP(V) < 2dimF. In this case, V = 
k a <g> V vv as H -modules. 

Proof. Let e be a primitive idempotent of H such that Head(Pe) = V. Note that 
g(He) = H9~ 1 (e) as P-modules under the map he 9~ 1 (he). By (1.5), 

tt(V) ^ Head e (Pe) = V . 

Since gV = k a <E> V vv , the second isomorphism of (1.6) follows immediately from 
the definition of Nakayama permutation. Since k a -i <g> vv (k Q <g> V vv ) = V, we have 
tt" 1 ^) S k a -i ® vv t> and hence k a -i ® VV F S Soc(P(V)). 
If V is not projective, then 

dimP(y) > dimSoc(P(U)) +dimHcad(P(T/)) = 2dimF. 

Obviously, if V is projective, then P(V) = F and hence dim P(V) < 2 dim V. In 
this case, k Q (g> t^ vv is also projective. Therefore, we have 

V = SocP{k a ®V vv )^k a ®V vv . □ 
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Lemma 1.2. Let V G iJ-modfj n smc/i that V = kp <g> V vv /or some non-trivial 
(3 e G(i?*). Tfcera Tr(r) = /or r e Hom ff (V, „V), w/iere ct = S 2 o 

Proof. Note that the evaluation map cv : V v <£> V — > k and the diagonal basis 
map db : fc — > V <g> V v defined by db(l) = ^ £j ® x l are ii-module homomor- 
phisms, where {xi} is a basis for V and {x 2 } is the dual basis for V*. Consider the 
composition 

(1.7) k^v®v^ i^^v^v^ ^k^y vv ®y v ^®^k fj 

of ii-module maps, where p is defined in (1.3). The composition is a scalar given 

by 

i 

Since k and k,3 are not isomorphic as if-modulcs, the composition is a zero map 
and hence 

Tr(r) = . □ 

The composition displayed in (1.7) may not be zero if (3 is trivial. However, if 
H is not semisimple and V is projective, then such composition must be zero. For 
otherwise, db : k — > V <g> V v is a split embedding and hence k is a direct summand 
of the projective ii-module V ® V v . This implies k is projective. However, k is 
not projective if H is not semisimple (cf. [EG2, Lemma 2.2]). The reason for this 
observation has been presented in the proofs of [EG2, Lemma 2.11], [EO, Theorem 
2.16] and [Lo, Theorem 2.3 (b)]. We state this conclusion as 

Lemma 1.3. Let V be a projective module over a non- semisimple finite- dimensional 
Hopf algebra H such that V = V vv . Then for all homomorphism <fi : V — > 52 V of 
H-modules, Tr(</>) =0. □ 

We close this section with a generalization of [EG2, Proposition 2.5]. 

Lemma 1.4. Let (3 be a group-like element of H* . Suppose that V G _ff-modfj n is 

indecomposable and k^ ® V = V. Then ord(/3) | dimV'. 

Proof. Note that kp®V = R(p)V as if-modules. Let n = ord(/3) and 77 : R(p)V — ► V 
an isomorphism of iJ-modulcs. Since R(/3) n = id#, i?(/3) is diagonalizable. Suppose 
h e H is an eigenvector of i?(/3). Then R(f3)(h) = uih for some n-th root of unity 
oj G k, and 

ur)(hv) = r)(R(0)(h)v) = hrj(v) 
for all v € V. Thus, rf 1 is an ii-module automorphism on V. Since V is finite- 
dimensional and indecomposable, End#(T^) is a finite-dimensional local algebra 
over k (cf. [P]). Since k is algebraically closed, n n — c ■ idy for some cel. By 
dividing r) with an n-th root of c, one may assume rf 1 — idy. Then V is a left 
k[/3]-module with the action given by 

/3v — rj(v), v £ V. 

Define the right iJ*-comodule structure p : V — > V ® H* , p(v) = Y^vq®v\ by the 
equation 

hv = ^ v vi(h) for all h e H . 

It is straightforward to check that p{j3v) — j3p(v) for v E V, and so V € k[/3]-M ff . 
By the Nichols-Zoeller Theorem, V is a free k[/3] -module. In particular, ord(/3) 
divides dimV. □ 
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2. NON-SEMISIMPLE HOPF ALGEBRAS OF DIMENSION pq 



Throughout the remaining discussion, we will assume H to be a non-semisimple 
Hopf algebra over k of dimension pq, where p, q are primes and 2 < p < q. The 
antipode of if will continue to be denoted by S. By [LR1], H* is also a non- 
semisimple Hopf algebra of dimension pq with antipode S* . 

In this section, we will obtain a lower bound for the dimensions of certain in- 
decomposable if- modules V which satisfy V = kp ® V vy for some (3 G G(H*) 
(Corollary 2.3). We begin with the following lemma: 

Lemma 2.1. H,p,q,S as above. Then: 

(i) if or H* is not unimodular. 

(ii) \G(H)\ = 1 or p. 
(hi) ordS* 2 = 2p. 

(iv) Let C be a subcoalgebra of H invariant under S 2p and C kG(H). Then 
S 2p \c + id c . 

(v) Let V be an indecomposable H -module with dimT^ > 1. Then there exist 
he H,v eV such that hv ^ S 2p (h)v. 

(vi) There exists a simple H-module V such that 



Proof, (i) Since dim ii is odd, it follows from [LR2, Theorem 2.2] that H or if* is 
not unimodular. 

(ii) follow immediately from [Nl, Proposition 5.2]. 

(hi) By [Nl, Proposition 5.2 and Theorem 5.4], ordS* 4 = p and Ti(S 2p ) = p 2 d for 
some odd integer d. If S 2p = id, then pd = q which contradicts that p, q are distinct 
primes. Therefore, ord5 2 = 2p and this proves (iii). 

(iv) Let B be the subalgebra of H generated by C. Then B is a bialgebra and hence 
a Hopf subalgebra of H. In particular, dimi? = l,p,q or pq. If dimf? G {l,p, q}, 
then B is a group algebra (cf. [Z]) and hence C C B C kG(H). The assumption 
of C forces dimB = pq or equivalently B = H. If S 2p \c = idc, then S 2p \b = ids 
and this contradicts (iii). Therefore, S 2p \c ^ idc- 

(v) Suppose that hv = S 2p (h)v for all h € H and v e V. Let i C H be the 
annihilator of V, and tt : H — > ii/i the natural surjection. Then S 2p {h) — h e i for 
ft G ii, and so 7r o S* 2p = ir. Hence we have the commutative diagram of coalgebra 
maps: 



Let C = n*(H/I)*. Then the commutative diagram implies that (S*) 2p (C) = C 
and (S'*) 2p |c = idc- Since V is an indecomposable ii/i-module and dimF > 
1, H/L is not a commutative semisimple algebra. Hence C is not cosemisimple 
cocommutative. In particular, C kG(H*). However, this contradicts (iv). 

(vi) Suppose the statement is false. Then, by Lemma 1.1, every simple fi-module 



dimV > 1 and dimP(V) > 2dimV. 



H* 




H* 
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V with dimV > 1 is projective. Thus the composition factors of -P(k) are all 
1-dimensional. By [EG2, Lemma 2.3], P(k) is a direct sum of 1-dimensional H- 
modules. Hence k = P(k). However, this contradicts [EG2, Lemma 2.2] that k is 
not projective. □ 

Lemma 2.2. Let a = S 2 o R{(3) for some f3 e G(H*), and let V G P-mod fin be 
indecomposable with dimV^ > 1 and V = a V . Then: 

(i) For any isomorphism <f> : V — > a V of H -modules, (jf ^ id. 

(ii) There exists an H-module isomorphism ip : V — > a V such that tp 2p — id and 
Tr(-(/) p ) is a non-negative integer. 

Proof, (i) By Lemma 2.1(h), a p = S 2p . Suppose there exists an P-modulc map 
(j) : V -> a V such that 4> p = id. Then for all h e H and tel/, 

= (j?(hv) = <r p {h)(j> p {v) = a p {h)v = S 2p (h)v . 

This contradicts Lemma 2.1(v). 

(ii) Let (f> : V — > CT F be an isomorphism of _ff-modulcs. Then for all h £ H and 
ii e 7, we have 

hv = 4> 2p {hv) = a 2p (h)<f> 2p {v) . 

By Lemma 2.1(iii), a 2p = S 4p = id, so <fi 2p is an ii-module automorphism on V. 
Since V is indecomposable, Endn{V) is a finite-dimensional local k-algebra (cf. 
[P]). In particular, (f> 2p — cidy for some non-zero cel. Let t e k be a 2p-th root 
of c and <\> = t~ l (j). Then <j> is also an isomorphism of if-module from V to a V 
and (^>) 2p = id. In particular, Tr(0 P ) is an integer. Set ip = —<f> if Tr(</) P ) < 0, and 
ip = (f> otherwise. Then ip is a required isomorphism. □ 

We close this section with following corollary which is an enhanced result of 
[EG2, Lemma 2.11]. 

Corollary 2.3. Let V an indecomposable H-module of odd dimension which sat- 
isfies one of the following conditions: 

(I) V = kg ® V vv for some non-trivial element [3 G G(H*), 
(II) V = y vv and V is projective. 

Then dim(V) > p + 2. 

Proof. Notice that any 1-dimensional if- module does not satisfy (I) or (II) . There- 
fore, if V satisfies condition (I) or (II), then dimF > 1. Since V = kp (g) V vy , 

V = where a = S 2 o R(f3). By Lemma 2.2, there exists an iJ-module isomor- 
phism ip : V ^ a V such that V 2p = idy and Tr(-0 p ) > 0. Since V satisfies (I) 
or (II), it follows from Lemmas 1.2 and 1.3 that Tr(-0) = 0. By a linear algebra 
argument, Tr(-0 p ) = pd for some non-negative odd integer d (cf. [Nl, Lemma 1.3]). 
This forces dim V > p. Suppose dim V = p. Then Tr(tp p ) = p and hence ip p = idy. 
However, this contradicts Lemma 2.2 (i). Therefore, dim V > p. □ 

3. Orbits of simple modules 

We continue to assume that PL is a non-semisimple Hopf algebra of dimension 
pq with p,q prime and 2 < p < q. By duality and Lemma 2.1(i), we can further 
assume that the distinguished group-like element a € H* is non-trivial. Hence, by 
Lemma 2.1(h), (a) = G(H*) and orda = \G(H*)\ = p. 
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Let us denote [V] for the isomorphism class of an P-module V, and Irr(_ff) the 
set of all isomorphism classes of simple iJ-modules. One can define a left action of 
G(H*) on Irr(ff) as follows: 0[V] = [k fj <g> V] for [V] G Irr(iJ). A right action of 
G(H*) on lrr(H) can be defined similarly. The orbits of [V] G Irr(ff) under these 
G(PT* )-actions are respectively denoted by Oi(V) and O r (V). A simple £f-module 
V is called regular if Oj(V) = O r (V). It is easy to see that k^ is left unstable and 
regular for G G(H*). 

Following the terminology of [EG2] , a simple ff-module V is called left stable if 
k a ®V = V, i.e. Oj(V) is a singleton, or otherwise left unstable. We can define 
right stable (resp. right unstable) P-modules similarly. The set of all left (resp. 
right) G(P*)-orbits in ter(H) is denoted by Oi(H) (resp. D r (H)). In this section, 
we obtain in Corollary 3.4 that \Di(H)\ > 3. We also show in Proposition 3.5 that 
if every simple -ff-module is regular and left unstable, then \Di(H)\ > 4. 

Remark 3.1. Since 

o r (v v ) = {[w v } I [if]eo,(y)} 

for [V] G Irr(ff), we find \Oi(H)\ = \O r (H)\. Moreover, P(kp <g> V) ^ k^ ® P(V) 
and P(F <g> k^) ^ P(y) <g> k/3. Therefore, dimP(ty) = dim P(y) for all [W] G 
0;(F) U O r (F). In particular, dimP(k) = dimP(k^) for all G G{H*). 

There is a lower bound for the dimensions of the left stable indecomposable 
projective P-modules. 

Lemma 3.1. If V is a left stable simple H-module, then dimP(y) > 2p. 

Proof. By Lemma 1.4, dimV = np for some positive integer n. If dim P(y) > 
2dimy then dim P(y) > 2p. Now we assume dimP(V) < 2dimy. By Lemma 1.1 
that P(V) = V and hence V ^ k Q <g> y vv . By Corollary 2.3, dimF and hence 
dim P(y) = dimV > 2p. □ 

Recall that if Q is a projective P-module, then Q is a direct sum of indecom- 
posable projective P-modules. More precisely, 

(3.8) N$-P(V) 

[V]€lrr(ff) 

where the multiplicity iV^ = dimHom/f (Q, V). Note that if V, W are simple, then 

(3.9) dimRom H (P(V),W) = 6 [v]t[w] . 

For all X, Y G ff-modfj n , A (g> Q and Q <g> F are projective and we have the natural 
isomorphisms of k-linear spaces 

(3.10) Hom H (X v ® Q, y) S Homj, (Q, X ® y) = Bom H (Q ® v y X) . 
Lemma 3.2. Por [V] G Irr(ff) and /3 G G(i7*) ; we have 

$e,0 if V is left unstable. 



dimHom ff (P(y) <g> y V,kp) S 



i/ V is left stable. 



Proof. By (3.10) and (3.9), we have 

dimHom H (P(y) <g> = dimHom H (P(y),k /3 ® y) 

5 eil g if V is left unstable, 
1 if y is left stable. 
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The following corollary gives a lower bound for the dimension contributed by a 
left or right G(£P)-orbit. 

Corollary 3.3. For all simple H-module V , we have 

53 dimWdimP(W)>p-dimP(k) 

[w]eo(V) 

where 0(V) = Oj(V) or O r (V). 

Proof. If V is left unstable, then Lemma 3.2 implies that P(k) is a summand of 
P(V) <g> V V and so 

53 dimW dim P(W) = p ■ dim(P(V) ® V V) >p-dimP(k). 

[w]eOi(v) 

If V is left stable, then P(k fj ) is a summand of P(V) <g> V V. Hence, by 

0eG(H>) 

Remark 3.1, 

5] dimlVdimP(VL) = dim(P(V) ® V F) >p-dimP(k). 

[wieo,(v) 

Since O r (V) = {[W v ] \ [W] e Oz( v V)}, we have 

53 dimLTdimP(VK) = 53 dim VK V • dim P(VV V ) 

[w]eo r (v) [w]eo,( v v) 

53 dimW'-dimP(W') >p-dimP(k). □ 

[w]eOi( v v) 

Let {Vb, • • • , V«} be a set of simple P-modules such that Oj(Vo), • • • , Oi(V^) are all 
the disjoint orbits in Irr(P) with Vb = k. By Remark 3.1, dimP(Vi) = dim P(W) 
for [W] € Oi(Vi). Let us simply denote d{ and Pi respectively for dimV; and 
dimP(Vi). Obviously, Di > di > 2 for i ^ 0. Since H is a Frobenius algebra, we 
have 

dim H = 53 dim V ' dim 

(3.11) lV]el " iH) 

= p ^ diDi+ ^ d^A 

unstable Vi stable V% 

(cf. [CR, 61.13]). Now we can show that i > 3. 
Corollary 3.4. |D ; (P)|, \D r (H)\ > 3. 

Proof. By Remark 3.1, it suffices to show \Di(H)\ > 3. By Lemma 2.1(vi), there 
exists a simple P-module V with dimV > 1. Therefore, \Oi(H)\ > 2. Suppose 
there are exactly two orbits Oi(Vq) and Oi{V\). By Lemma 2.1(vi), D\ > 2d\ > 4. 
If V\ is stable, then (3.11) becomes 

pq = pD + d\D 1 . 

Lemma 3.2 and (3.8) imply 

di£>i = dim(P(Vi) ® y V 1 )=pD + niPi 



HOPF ALGEBRAS OF DIMENSION pg, II 



9 



for some non- negative integer n\ < d\. By eliminating Do, we find 

q = (2di - fix)— . 

P 

Since P(Vi) is also stable, D\ is divisible by p. This forces 2d\ — n\ = q and 
D\ = p which contradicts Lemma 3.1. Therefore, V\ must be unstable. Now, 
(3.11) becomes 

VI = pD +pdiD 1 . 

Lemma 3.2 and (3.8) imply 

d 1 D 1 = dim(P(V/ 1 ) ® V V X ) = D + mDi 
for some non-negative integer m < d\. By eliminating D , we find 

q = {2dt - m)£>i . 

Since 2di — m > 1 and D\ > 4, the above equality contradicts that q is a prime. 
Therefore, \£>i(H)\ ^ 2 and hence \Oi(H)\ > 3. □ 

We close this section with the following proposition. 

Proposition 3.5. If every simple H-module is left unstable and regular, then 
\Di(H)\>4. 

Proof. By Corollary 3.4, it suffices to show \Qi(H)\ ^ 3. Suppose that \£>i{H)\ = 3. 
By (3.8), (3.11) and Lemma 3.2, we have the equations: 



(3.12) pq = pD + pdxDx + pd 2 D 2 , 

(3.13) d x D x = Do + N^Di+^Di, 

(3.14) d 2 D 2 = D + N^Dx + Nl 2 D 2 , 

where Nf t = £ dim (Horn// (P(V) <g> V V, kp <g> V,)). On the other hand, if 



i 7^ j, then [V*] ^ O r (V}) since Vj is regular. Therefore, 

Honi ff (y/ ® P(V5), k^) = Hom ff (P(V5), ® M = 
for all (3 e G(H*), and so we have 

(3.15) d 2 D l = M 2 \D X + M^D 2 , 

(3.16) d x D 2 = M\ 2 D\ + Mf 2 D 2 , 

where M* = £ dim (Rom H (V/ ® P(V),k,3 <8> V fe )). By (3.10), we find 

0£G(H*) 

M % = dim(Hom H (P(V)<» V T4,^(»k / j)) 
,3eG(ff*) 

dim(Hom ff ( J P(V)® v T4,k /3 ®V/,)) = iVi. 

The second equality is a consequence of the regularity of Vj. Now, (3.15) and (3.16) 
become 

(3.17) d 2 Dx = N^Di + M 21 D 2 , 

(3.18) d x D 2 = M\ 2 D X + N 2 \D 2 . 
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Equations (3.12), (3.13) and (3.14) imply 

(3.19) q = (2d 1 -Nl 1 )D 1 + (d 2 -Nf 1 )D 2 , 

(3.20) q = (d 1 -N 2 1 2 )D 1 + {2d 2 -N 2 2 )D 2 , 

(3.21) 1 < 2d i -N i ii and q > D l fori = 1,2. 

In particular, D\,D 2 are relatively prime. It follows from (3.17) and (3.18) that 

Di | di - N% 2 , D 2 \d 2 - Aft, di > N% 2 , d 2 > Aft. 

By Lemma 2.1 (vi), Di > di for some i = 1,2. If D\ > d\, then d\ = N 22 . Hence, 
by (3.20), q = {2d 2 - N 2 2 )D 2 . Similarly, if D 2 > d 2 , then q = (2d x - N^Di. 
However, both of these conclusions contradict that q is a prime number. □ 

4. The case q < Ap + 11 

In this section, we prove our main result: 

Theorem 4.1. Every Hopf algebra of dimension pq over k, where p,q are odd 
primes with p < q < 4p+ll, is trivial. 

By [EG1], it suffices to show that Hopf algebras of these dimensions are semisim- 
ple. We proceed to prove that by contradiction. Suppose there exists a non- 
scmisimplc Hopf algebra H of these dimensions. By duality and Lemma 2.1 (i) , we 
can further assume the distinguished group-like element a £ H* is not trivial. 

Let Do denote dimP(k). Since the composition factors of P(k) cannot be all 
1-dimensional (cf. [EG2, Lemma 2.3]), Do > 4. It follows from Lemma 3.3 that 

(4.22) dimVKdimP(T^) > pD Q > Ap 

[w]eO(v) 

for all simple iJ-modules V. 

Lemma 4.2. A simple H-module V is left stable if, and only if, V is right stable. 
In this case, dimV > 2p. 

Proof. Let V be a left stable simple H- module. By Lemma 1.4, dimF = np for 
some positive integer n. It follows from Lemma 3.1 that diml^ • dimP(V r ) > 2p 2 . 

Notice that W is left stable for [W] e O r (V). By Corollary 3.4, there exists a 
right G(P*)-orbit different from O r (V),O r (k). If V is not right stable, then by 
Corollary 3.3 and (4.22), 

dimP > ^ dim W dim P(W)+pD +pD 

[w]eo r (v) 

> p{2p 2 ) + 8p > 4p 2 + lip . 

Therefore, V is also right stable. Conversely, if V is right stable, then V V is left 
stable. Hence, by the first part of the proof, V V is also right stable. Therefore, 
V =- ( V V) V is left stable. 

Now let V be a left stable simple P-modulc. Since V is also right stable, 
V vvvy S ka-i ®V®k a = V. Consider the set A = {[V], [V v ], [V vv ], [V vvv ]}. 
Since [y vvvv ] = [V] and S 4p = id, the cyclic group C 4p = (a;) of order Ap acts 
transitively on A with 

x.[V] = [V^}. 
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Thus \A\ = 1, 2 or 4. If \A\ = 4, then 

dimtf > 4 dim V dim P(V) + pD Q > 8p 2 + Ap > Ap 2 + lip. 

Therefore, \A\ < 2, and so [^ vv ] = a; 2 • [V] = [V]. Thus we obtain k a ® F vv = V. 
By Corollary 2.3, dim!/ ^ p and hence dim > 2p. □ 

Lemma 4.3. H has no left or right stable simple H-module. 

Proof. By Lemma 4.2, it suffices to show that left stable simple _ff-modules do not 
exist. Suppose there is a left stable simple iJ-modulc V. 

(1) V is projective. For otherwise, by Proposition 1.1 and Lemma 4.2, P(V) > 
2 dim V > Ap and so 

dim H > dim V dim P(V) + pD > 8p 2 + Ap > 4p 2 + Up . 

(2) V is the unique left stable simple H-module. If there exists a left stable simple 
iJ-module W not isomorphic to V, then dim V, dim W > 2p and so 

dim H > dim V dim P{V) + dim W dim P(W) + pD > 8p 2 + Ap . 

(3) Since V is projective, by Lemma 2.1(vi), there exists a simple _ff-module W 
such that dimP(VK) > 2dimVK > 4. Obviously, Oi(W) is different from O t (V), 
Oi(k). By (2), W is left unstable. Therefore, 

53 dim W dim P(W') = p dim W dim P(W) > p(2 ■ 4) = 8p 

[w]eo,(w) 

and hence 

dim H > dim V dim P(V) + 8p + pD > Ap 2 + Up, 
a contradiction! □ 
Lemma 4.4. \O t (H)\ > 4 and D a <p + 2. 

Proof. To show the first inequality, by Proposition 3.5 and Lemma 4.3, it suffices 
to prove that every simple -H-module is regular. Suppose there exists a simple 
^-module V such that O r (V) ^ Oj(V). Then dimF > 2 and the set 

A = {[k( 3 (g>V(g>k f3 ,} \ 13,(3' eG(H*)} 

contains more than p elements. Obviously, the group G{H*~) x G{H*~) acts transi- 
tively on A. Therefore, \A\ = p 2 . If V is not projective, then dim V- dim P(V) > 2-4 
and hence 

dim H > 5] dim W dim P(W) + pD 
[w]eA 

= p 2 dim V dim P(V) + pD > 8p 2 + Ap > Ap 2 + lip . 

Therefore V is projective, and hence ® V (E> kp> are projective for 13,(3' € G(H*). 
By Lemma 2.1(vi), there exists a simple H-module W such that dimVF > 2 and 
dim P(W) > 2dimVK. Thus, 

dim H >p 2 dim V dim P(V ) + p dim dim P(W) + pD > Ap 2 + 8p + Ap, 

which is a contradiction! Therefore, every simple _ff-module is regular. 
By Corollary 3.3 and the first inequality, we have 

4p 2 + lip > dim H > ApD . 
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Therefore, D < p + 2. □ 

Lemma 4.5. If V is a simple H-module such that V = k Q -i <g> V <g> k a; t/ien 
dimP(V) > 2dimF. 

Proo/. Suppose V is an P-module such that k a -i <g> V ® k a = V and dimP(V r ) < 
2dimF. By Lemma 1.1, V is projective and V — k a ® y vv . Since y vvvv 
k Q -i <g> V ® k a (cf. (1.4)), wc have 

v vv = k Q ®y vvvv ^y®k Q , 

and hence 

V y vvvv ^ y vv ®k a = V ®k a 2 . 
Since ord(a) = p, V is right stable, but this contradicts Lemma 4.3. □ 

Using an argument similar to [EG2, Lemma 2.8], we find y vvvv V for all 
V G i7-modfj n in the following lemma. 

Lemma 4.6. For all simple H-module V, T/ vvvv = V and dimP(y) > 2di m y. 

Proof. By [EG2, Lemma 2.3], P(k) has a simple constituent U with dimP > 1. 
Since P(k) = k a -i (g> P(k) ® k Q , k^-i ® [/ (g> k^ are simple constituents of P(k) for 
/3 e G(H*). By Lemma 4.4, dimP(k) < p + 2 < 2p + 2. Therefore, P must be 
invariant under the conjugation by k Q . 

Let E be the full subcategory of P-modfj n consisting of those P-modulcs with 
composition factors invariant under the conjugation by k Q . Let V, W be simple 
objects in E. Suppose V ®W E . Then V ® W has a simple constituent X which 
is not invariant under conjugation by k Q . Then, [X] g Oi(k) and k^-i ® X ®k@ 
are composition factors of V <g> W for [3 € G(H*). In particular, dimX > 1, and 
hence dim V ®W > p dim X > 2p. Without loss of generality, we may assume that 
dimy > \/2p. By Lemma 4.5, dimP(V) > 2dimF > 2 v / 2p. Hence, by Lemma 
4.4 and Corollary 3.3, 

dim H > p dim V dim P(V) + 3pD > 4p 2 + 12p , a contradiction! 

Therefore, V® W € P and so E forms a tensor subcategory of P-modf m . There ex- 
ists a quotient Hopf algebra H' of H such that E is tensor equivalent to P'-modfj n . 
If H' ^ H, then dimP' = l,p or g, and hence H' is an abelian group algebra 
(cf. [Z]). Thus every simple P- module in E is one dimensional. This contradicts 
that U E E. Therefore, H' = H and hence every P-modulc is invariant under 
the conjugation by k a . By (1.4), V vvvv V for all V e P-mod fm . The second 
assertion follows immediately from Lemma 4.5. □ 

Remark 4.1. For all simple P-modules V with dimF > 2, 

dimW dim P(W) > pdimV dim P{V)>8p. 

[w]eO t (v) 

Lemma 4.7. D is an even integer. 

Proof. Suppose D is odd. Since P(k) = P(k) vv , by Corollary 2.3, D > p + 2. 
Recall from Corollary 3.3 that dim V dim P(V) > Do for all simple P-modules V. 
There exists a simple V such that dim V dim P(V) > D for otherwise we have 

pq = dim H =p-\Di(H)\- D 
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which contradicts that q is a prime. By Lemma 3.2, there is a simple ii- module 
W with dim W > 1 such that P(W) © P(k) is a direct summand of P(V) <g> V K It 
follows from Lemma 4.6 that 

dim V dim P(V) > D + dim P(W) > P + 4 

and so 

dim P > 3pD Q + p dim V dim P(V) > p(4D + 4) > 4p 2 + 12p. □ 

Lemma 4.8. For any simple H -module V , V yv e Oi(V) if, and only if, V vv = V. 

Proof. If V vv G Oi(V), then V vv S k^OF for some (3 G G(P*). Since y vvvv S V, 
we have 

VS(k^0 K) w S k/3 ® V vv S k^ ® V. 

By Lemma 4.3, V is left unstable. Therefore, fi 2 = e and hence (3 = e. Thus, we 
have t^ vv = V. The converse of the statement is obvious. □ 

Let S be a complete set of representatives of the left G(H* )-orbits in Irr(P) with 
k G S. Then we have 

pq = dim H = p dim V dim P(V) 

ves 

= P dim P(V)+pD +p ^ dim V dim P(V) . 

yes ves\{k} 

By Lemma 4.8, the first term of the last expression is an even integer. The second 
term is also even by Lemma 4.7. Therefore, the third term must be odd. There 
exists X G S \ {k} such that X = X vv and dimXdimP(X) is odd. In particular, 
dimX and dimP(X) are odd integers > 1. It follows from Corollary 2.3 that 
dim P(X) > p + 2. If dim X > 3, then 

dimH >3pD +p dim X dim P{X) > p(12 + 5(p + 2)) > Ap 2 + lip . 

Therefore, dimX = 3. Notice that X ® P(k) has even dimension and it contains 
a summand isomorphic to P(X). Since dimP(X) is odd and X ® P(k) = (X <g> 
P(k)) vv , X (g> P(k) must have another odd dimensional indecomposable projective 
summand Q such that Q vv = Q. By Corollary 2.3, dimQ > p + 2 and hence 

3P = dim(X® P(k)) > dimP(X) +dimQ > 2(p + 2). 

Therefore, D > (2p + 4)/3 and so 

dimP > p(3P + dimXdimP(X)) > p(2p + 4 + 3(p + 2)) > 4p 2 + lip . 

This is again a contradiction! That means non-semisimple Hopf algebras of dimen- 
sion pq, where p and q are distinct odd primes with p<<7<4]3+ll,do not exist. 
This completes the proof of Theorem 4.1. 

References 

[AN] Nicolas Andruskicwitsch and Sonia Natale, Counting arguments for Hopf algebras of low 
dimension, Tsukuba J. Math. 25 (2001), no. 1, 187-201. MR 2002d:16046 

[BD] M. Beattie and S. Dascalescu, Hopf algebras of dimension H, J. London Math. Soc. (2) 
69 (2004), no. 1, 65-78. MR 2025327 (2004j: 16040) 



14 



SIU-HUNG NG 



[CR] Charles W. Curtis and Irving Reiner, Representation theory of finite groups and associa- 
tive algebras, Pure and Applied Mathematics, Vol. XI, Interscicncc Publishers, a division 
of John Wiley & Sons, New York-London, 1962. MR 0144979 (26 #2519) 

[EG1] Pavel Etingof and Shlomo Gelaki, Semisimple Hopf algebras of dimension pq are trivial, 
J. Algebra 210 (1998), no. 2, 664-669. MR 99k:16079 

[EG2] , On Hopf algebras of dimension pq, J. Algebra 277 (2004), no. 2, 668-674. 

MR 2067625 (2005d: 16061) 

[EO] Pavel Etingof and Viktor Ostrik, Finite tensor categories, Mosc. Math. J. 4 (2004), no. 3, 
627-654, 782-783. MR 2119143 (2005j: 18006) 

[GW] Shlomo Gelaki and Sara Wcstrcich, On semisimple Hopf algebras of dimension pq, Proc. 
Amer. Math. Soc. 128 (2000), no. 1, 39-47. MR 2000c:16050 

[La] T. Y. Lam, Lectures on modules and rings, Graduate Texts in Mathematics, vol. 189, 
Springer- Verlag, New York, 1999. MR 1653294 (99i:16001) 

[Lo] Martin Lorenz, Representations of finite- dimensional Hopf algebras, J. Algebra 188 
(1997), no. 2, 476-505. MR 1435369 (98i:16039) 

[LR1] Richard G. Larson and David E. Radford, Finite- dimensional cosemisimple Hopf al- 
gebras in characteristic are semisimple, J. Algebra 117 (1988), no. 2, 267-289. 
MR 89k:16016 

[LR2] , Semisimple Hopf algebras, J. Algebra 171 (1995), no. 1, 5-35. MR 96a:16040 

[Ma] Akira Masuoka, The p n theorem for semisimple Hopf algebras, Proc. Amer. Math. Soc. 
124 (1996), no. 3, 735-737. MR 96L16046 

[Mo] Susan Montgomery, Hopf algebras and their actions on rings, CBMS Regional Confer- 
ence Series in Mathematics, vol. 82, Published for the Conference Board of the Mathe- 
matical Sciences, Washington, DC, 1993. 

[Nl] Siu-Hung Ng, N on- semisimple Hopf algebras of dimension p 2 , J. Algebra 255 (2002), 
no. 1, 182-197. 

[N2] , Hopf algebras of dimension pq, J. Algebra 276 (2004), no. 1, 399-406. 

MR 2054403 (2005d: 16066) 
[N3] , Hopf algebras of dimension p 2 , Hopf algebras, Lecture Notes in Pure and Appl. 

Math., vol. 237, Dckkcr, New York, 2004, pp. 193-201. MR 2051740 (2005b:16072) 
[N4] , Hopf algebras of dimension 2p, Proc. Amer. Math. Soc. 133 (2005), no. 8, 

2237-2242 (electronic). MR 2138865 (2006a:16055) 
[P] Richard S. Pierce, Associative algebras, Graduate Texts in Mathematics, vol. 88, 

Springer- Verlag, New York, 1982, , Studies in the History of Modern Science, 9. 

MR 674652 (84c:16001) 

[Rl] David E. Radford, The order of the antipode of a finite dimensional Hopf algebra is 
finite, Amer. J. Math. 98 (1976), no. 2, 333-355. MR 53 #10852 

[R2] , The trace function and Hopf algebras, J. Algebra 163 (1994), no. 3, 583-622. 

MR 95e: 16039 

[S] Moss E. Sweedler, Hopf algebras, W. A. Benjamin, Inc., New York, 1969, Mathematics 

Lecture Note Series. 

[T] Earl J. Taft, The order of the antipode of finite- dimensional Hopf algebra, Proc. Nat. 

Acad. Sci. U.S.A. 68 (1971), 2631-2633. MR 44 #4075 
[W] R. Williams, Finite dimensional Hopf algebras, Ph.D. Thesis, Florida State University, 

1988. 

[Z] Yongchang Zhu, Hopf algebras of prime dimension, Internat. Math. Res. Notices (1994), 

no. 1, 53-59. MR 1255253 (94j: 16072) 

Department of Mathematics, Iowa State University, Ames, IA 50011, USA. 
E-mail address: rng9iastate.edu 



